In this paper we present a theoretical analysis of a recently proposed two-dimensional cellular automata raodel for trafBc Bow in cities with the ingredient of a turning capability. Numerical simulations of this model show that there is a transition between a freely moving phase with high velocity to a jammed state with low velocity. We study the dynamics of such a model, starting with the microscopic evolution equation, which will serve as a basis for further analysis. It is shown that a kinetic approach, based on the Boltzmann assumption, is able to provide a reasonably good description of the jamming transition. We further introduce a space-time continuous phenomenological model, leading to two partial differential equations whose preliminary results agree rather well with the numerical simulations. PACS number(s): 05.20.Dd, 64.60.Cn, 47.90.+a, 89.40.+k 
I. INTRODUCTION
Traffic flow in networks is a problem of great technological interest. In systems where good communications are crucial (cities, computers, computer networks, etc. ) the understanding of how undesirable, though possible, "traffic" jams form and evolve can lead to significant advances in design and planning of optimal strategies [1] .
Traffic fIow is a complex collective phenomenon that presents a rich phenomenology and, for the same reason, is difficult to deal with, both theoretically and numerically. In spite of that, given its great practical and technological impact, car traffic behavior on roads has been extensively studied. Fluid dynamics and kinetic theory have been traditionally used [2] as the theoretical tools to deal with the problem and treatment has been focused mainly on one-dimensional situations (highways with one or several lanes, with, maybe, some intersections, are the typical examples). Only recently [3] have models based on cellular automata (CA) been proposed to study this kind of problem. They present the advantage of being easier to handle numerically while catching the correct behavior of fluid-type systems. In recent years extensive studies on different one-dimensional CA models have been carried out, showing good agreement with previous theoretical and experimental results. These studies have also revealed new features of traffic fIow. For example, the existence of self-organized. criticality has been claimed in the behavior of car traffic on highways [4] . The situation is difFerent in two dimensions (2D). The problem has not been treated in the fluid dynamics &amework and CA models have opened the possibility to study it. *Electronic address: molera or dopico or cuestaodulcinea. uc3m. es t Electronic address: britoseneca. fis.ucm. es
To our knowledge only two 2D models [5, 6] have been reported. Both of them present a periodic city with two populations of cars moving in it. Reference [5] is a deterministic model where cars never turn, while the models in Ref. [6] are stochastic and cars are allowed to turn with certain probability. Extensive numerical simulations on these models [5 -7] show the presence of a phase transition between a &ee moving (high velocity) uniform state and a jammed (low velocity) state, where the difFerent populations of cars are separated. In the light of recent studies on CA models [8] the arising of this separation can be understood. as a consequence of the violation of the semidetailed balance characteristic of traffic models. At the moment there is no theoretical basis to explain all these results and it seems necessary to build one. The only exception has been a simple mean-field-like study [9] of the jamming transition of an extension of the model in Ref. [5] . " In this paper we are going to perform a more ambitious theoretical analysis on which further work could be based. We will refer, as our working model, to the one called model A in Ref. [6] (briefly described in Sec. II), but our procedure can easily be extended to other 2D CA models.
We will begin by writing down the microscopic evolution equations for a set of Boolean variables that describe exactly the dynamics of the system (Sec. III).
These equations should be taken as the starting point for any further approximation. Using the microscopic variables we will be able to give an exact expression for the mean velocity of the system. We will show in Sec. IV, by means of very simple arguments, how the behavior of the mean velocity is correctly predicted in the freely moving phase. In Sec. V we will use the tools of kinetic theory to obtain an approximate macroscopic version of the microscopic equations by introducing an average over a nonequilibrium ensemble. We have started by considering the simplest approach: the Boltzmann approximation which assumes the breaking of spatial two-point correla- In this form it can be clearly seen that the highest order terms contributing to the evolution equations are quadratic in the occupation numbers, something whose relevance will be made clear in the next section.
The initial configuration must be such that it satisfies the requirements g, p, = P, vo = %/2, and novo 0; the former counts the number of cars of each type whereas the latter express the impossibility of having two cars at the same site. It is straightforward to check that are constants of motion for the evolution equations (2) and that p, v = 0 is maintained in the evolution.
We need now a microscopic definition for the average velocity in order to be (5) which, if the system reaches a steady state, corresponds to its mean velocity [10] .
Before we go any further we would like to remark that all the formalism introduced in this section also applies to the deterministic model [5] by simply setting p = 0, although in what follows we will make explicit use of the rand. omness to obtain information out of the evolution equations.
IV. LOW DENSITY LIMIT Figure 1 shows that the behavior of the v-n curves in the free moving phase is, to a high accuracy, p independent (for p ) 0). In fact, they decrease almost linearly with slope -1/2. Reproducing analytically this remarkable property is a first important result which can be derived &om the microscopic equations. It will be the main goal of this section. To this purpose notice that Eq. (4) can be rewritten Inserting this expression into the equation for the mean velocity (6) we get (9) and since this formula corresponds to the uniform steady state it is the average velocity (5). This expression for v is p independent, which is in good agreement with the results obtained in the simulations in the freely moving phase; in particular it predicts the slope -1/2 of the v ncurves for small n.
As Eq. (9) is p independent, in Ref. [6] (2) and its v counterpart make it feasible to employ the methods of the standard kinetic theory [13, 14] in its lattice-gas version [15, 16] in order to obtain macroscopic properties of the system. To this purpose let us introd. uce a nonequilibrium ensemble in which all initial conditions fp, , v, j are equally weighted. We will denote the average over this ensemble by (.). When we average over the Boolean variables p, and. v"we obtain real variables u(r, t) and w(r, t), respectively ranging from 0 to 1 which measure the average number of initial configurations for which the site r is occupied at time t by the corresponding type of car (henceforth, the average occupation). Now, if we average the microscopic evolution equations (2) over this ensemble we obtain u(r, t + 1) = (0 p+ cr p)u(r, t) + 0 pu(r -x, t) + o' pu(r -y, t)
In writing Eq. (10) we have used the fact that g and gã nd any combination of occupation numbers are uncorrelated at the same time step. These equations are not closed due to the presence of the quadratic terms which, on the other hand, contain the interaction of the model and therefore cannot be ignored. Evolution equations for the averages of these quadratic terms can be written, but cubic and quartic terms will appear, and so on, giving rise to a hierarchy similar to the Bogoliubov-Born-GreenKirkwood-Yvon (BBGKY) one [14] . Being able to write down a closed set of equations for the average occupations requires an approximation. The simplest one is to assume that average occupations at di8'erent sites are alzoays uncorrelated. In kinetic theory this approximation is known as the Boltzmann approximation (or molecular chaos hypothesis). For our purpose, this approximation amounts to writing for any pair of diferent sites r and r' and for every time step t. Physically speaking, the molecular chaos hypothesis assumes that two colliding "particles" (cars in our model) have never met before, or if they have, all their mutual inQuence has been lost. This hypothesis is expected to be true in the limits of short times (cars have never met before) or vanishing densities (the probability of an encounter is small enough so as to lose all information between successive encounters). We have already made use of this fact in Sec. IV.
A further simplification may be introduced; the replacement of the trafFic light variable o by its time average 1/2. This approximation is expected to hold in the macroscopic regime (which we are interested in), where the microscopic details are not seen. However, the study of microscopic scales would require one to keep 0 to its original values 0,1 alternately. We will go back to this point later.
In summary, the ensemble average together with these two approximations leads to a closed set of equations (henceforth referred to as the Boltzmann equations) for the averaged variables u(r, t) and u)(r, t):
+ -u(r, t) (u(r + x, t) + u) (r + x, t) } --u(r -x, t) (u(r, t) + u) (r, t) } 'y y + -u(r, t) (u(r + y, t) + zu(r + y, t) } --u(r -y, t) (u(r, t) + u)(r, t) }.
y (12) Iteration of the Boltzmann equations will give a meanBeld-like evolution of our model. This evolution will lack some of the efFects caused by correlations, but it still keeps many of the interesting features of the model. Furthermore, the mean-field description allows us to obtain analytically many physical quantities of relevant interest. (13) requires studying the evolution of small perturbations about it, i.e. , we need to look for solutions of the form u(r, t) = -+ hu(r, t), u)(r, t) = -+ Su)(r, t), (14) which introduced into (12) give, to linear order nl bu(r, t + 1) = -1 + -bu(r, t) + p bu(r + x, t)-2 ( 2) 2 n +p(1 -n) hu(r -x, t) + p 8u(r + y, t)-+p(l -n)bu(r -y, t) I --(6w(r, t) phd(r + x, t) -p8u-)(r + y, t) } . (15) Equation (15) 
where O(k) is the k-dependent 2x2 linear evolution operator whose elements are given by 1 n 1 -n 0"= -+ -(1+pS + pS"j + (pS* + pS"*),
Hence the dynamics at the linear level is simply expressed as with $' (y) e' ( ). The information on the stability of the uniform state is contained in the eigenvalues of the linear evolution operator O(k), written for convenience as is unstable [17] . In general, there will be a wave vector k for which Rez~(k ) (for some j = 1, 2) is maximum. Fluctuations with this wave vector will dominate as t -+ oo and consequently the structure will possess a typical length scale of A-:2m/ k, and will be formed along the direction of k . Furthermore, the onset time of the instability is given by [Rez~(k )]
[see Eq. (20)].
The eigenvalues z~(k) are easily obtained from the elements of the linear evolution operator, given in (18) . A typical plot of Rez~(k) is shown in Fig. 2 for n = 0.8 and p = 0.1. According to the numerical simulations (Fig. 1) for this parameter set the system is jammed, i.e. , the system is nonuniform since cars cluster in bands which form an angle 0 = vr/4 with the positive x axis. From Fig. 2 we (1 x --n ((1 -s) (22) where the first (second) column of U(k) is the eigenvector gi(z&(k (21) . In the long-wavelength (small-wave-number) limit, the eigenvalues can be written as z, (k) = ikc, + (ik)zD, + .
(k m 0).
The quantity cz is interpreted as the speed of propagation of the mode, while D~i s the corresponding diffusivity. In the case of fluid dynamics in three dimensions, there are five conserved quantities, and five of such modes: two sound modes, two shear modes, and finally a thermal mode. This is a general result of kinetic theory and also holds for lattice gases as xnodels for thermal fluids [18] . (22)] we obtain the characteristic length of the system as A = 2'/k
The relevance of this quantity is that it provides information about the typical center-to-center band separation in the jammed phase and consequently determines the number of bands. We will not write here the expression for A, because it is very cumbersome. Instead, in Fig. 3 indicated Rom the increase of the velocity. For higher densities, although it cannot be seen in Fig. 1 Fig. 1 ), but certainly is not for small p, where experimentally one finds that n can be as low as n 0.24. At both edges of the plot presented in Fig. 3 Figure 5 summarizes these results. In spite of the p-independent transition, there is a strong similarity between this figure and the phase diagram obtained from the simulations of the microscopic model (Fig. 1) ; in particular, the slope -1/2 before the transition is properly 1.0
B. Simulation of the Boltzmann equations
All the information presented in the previous subsection was obtained within the Boltzmann approximation, but in the linear regime. This regime is only valid for small perturbations around the homogeneous state.
However, when the perturbations are no longer small, as happens once the jammed phase appears, the full nonlinear Boltzmann equation takes over, and the information given by the linear theory may not hold [20] . In particular, no linear theory can give the saturation (i.e., completely filled nodes) occurring in the bands in the jammed phase.
In order to study the jammed phase we have performed simulations of the full Boltzmann equations (12) , starting with a uniform state slightly perturbed at random. The evolution equations (12) obtained, as well as the behavior of the remnant velocities after the transition has taken place.
In summary, the Boltzmann approximation gives good predictions for many physical quantities of the model, such as remnant velocity, size of the bands, onset time of instabilities, and predicts the existence of a jamming transition, although it does not capture the fact that the transition is p dependent. But with this simple scheme one can obtain a qualitatively correct picture of the behavior of the system.
VI. A PHENOMENOLOGICAL MODEL
We have seen in Secs. III and V, respectively, an exact microscopic and an approximate Boltzmann description of the model. Both of them consider space-time variables that are discrete. In this section we are going to present a continuous phenomenological approach. Our motivation is twofold. In the first place it provides an alternative theoretical tool to understand the dynamics of the system. In the second place it makes a connection with the most usual approaches to trafFic flow problems: continuous ffuid dynamics [2] . This section only tries to fix the main lines of a more complete and exhaustive study of this trafIic model &om the point of view of continuous dynamics that will be presented elsewhere.
A. Equations
To define the continuous model we have to consider first the important scales in the system, then redefine the variables, and finally take the appropriate limit. Let us assume that the distance between city crossings is e, that the linear size of the system is 2 = Le, and that there is a scale of speed for the cars c, In this way the functions u(z, y;7. ) and tU(z, y;7) represent coarse-grained local densities of the two types of cars. Because of this definition these density functions lose track of the microscopic details of the model (at scales e), and they are supposed to be almost constant up to scales of order b.
Let us now write the equations that govern the evolution of u(z, y;7) and tv(z, y;w). We do so by writing a flux-balance equation for the cars of each type going in and out of a block C(~y ) that contains l )) 1 sites, with densities (constant by definition) u(z, y; 7 ) and io(z, y;~). The cars going in are located either in the block C(~y), inmediately to the left, or in the block C( y g) inmediately below. The cars going out will go to the blocks C( +~"), located to the right, or to the one above, C( y+~). Let us estimate how many cars enter C( y) from C( g y) in a time interval bt . In the first trafFic light half cycle only cars in the column sited at the right border of C(~gy) have any chance to go into C( y) On average, the number of cars of both types in where we have defined the new variable S(z, y;r) u(z, y; v) + iU(z, y; r), which stands for the total density of cars. Now let us take the continuous limit by making n»n»n"-+ oo, e~0, and l, L~oo while keeping b~0 and (x, y) 6 0, 7 E R+, and 8 finite, where 0 = ((z, y):
In the same way, the number of cars of type u that will go inside C( ") &om the block below, C( "~), is 
We will proceed now to perform a stability analysis similar to that in Sec. VA. To study the linear stability of the solution (34) (49) which is finite in the L -+ oo limit.
I.et us return to Eq. (4S). Though it is zero iii thẽ~0 limit it gives a prediction on the behavior of the v-n curves after the transition when L is finite and e )0, (50) To compare this prediction with the results of simulain accord with all the previous models and the simula- tions. We can also calculate the speed for a solution of the jammed band type (35) getting, before taking the 
VII. CONCLUSIONS
In this paper we have developed a theoretical framework to describe the two-dimensional cellular automata traKc Ilow model introduced in Ref. [6] . The starting point is the exact microscopic evolution equations (1) together with the microscopic definition of the mean velocity (4). From these basic ingredients several approximate schemes can be carried out. The simplest one is to follow the standard kinetic recipe of breaking up spatial correlations into products of one-particle averages. This meanGeld-like approach leads to a reasonably good description of the model. In the first place, the p-independent (for p ) 0) slope of the v n-curves in the freely moving phase is correctly obtained. In the second place, the existence of a phase transition between the freely moving and the jammed states is also explained by such a simple approximation. Nevertheless, it fails to describe properly this transition because it predicts a p-independent transition density. Finally, this theory allows us to understand the rich structure of the jammed phase. In this phase, the Boltzmann approximation is able to explain the formation of bands completely flied with cars, and the phenomenon of phase separation of the two populations of cars inside these bands. Besides, it gives an answer to the question posed by the simulations about the number of bands in the jammed state. Our Boltzmann theory gives an estimation of the average band-to-band distance. This distance appears to be Gnite for all densities in the range 1/2 ( n ( 1 (excluding the transition density according to this approximation, n = 1/2, and the full system n = 1). The conclusion is that there is an infinite number of bands in an infinite system. On the other hand, the band-to-band distance estimation let us 
